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Abstract
We study the classification problem of singularities of function-germs
with harmonic leading terms of two variables under the right-equivalence.
We observe that the multiple actions of Laplacian appear for the classifi-
cations of such class of function-germs (Theorem 1).
1 Introduction
In this paper, we study the classification of singularities of function-germs of
two variables with a non-zero leading term under the right equivalence.
Recall that a function h on Rn is called a harmonic function if it satisfies the
Laplace equation ∆h = 0, where ∆ =
∑n
j=1
∂2
∂x2
j
denotes the Laplacian. In this
paper, we study singularities of functions of two variables x and y. Therefore
we put ∆ = ∂
2
∂x2
+ ∂
2
∂y2
.
We will prove that the multiple actions of Laplacian appear for the classifica-
tions of function-germs with harmonic leading terms of two variables(Theorem
1).
For example, for all hk homogeneous harmonic polynomial-germ from (R
2,0)
to (R,0) of degree k and Rk+1 with the condition that two times Laplacian of
Rk+1 vanishes, hk and hk +Rk+1 are right equivalent (Corollary 1).
We proved Theorem 1 by some computing in case of (order of the function-germ) ≤
7 (see [4]).
Recall that any harmonic function-germ on (R2,0) is a real part of a halo-
morphic function on (C, 0).
In this paper, we use the notation for the harmonic polynomials of special
type:
fk = Re(x+ iy)
k, gk = Im(x+ iy)
k = Re(−i(x+ iy)k),
where i =
√−1 and Re (resp. Im) means the real (resp. imaginary) part.
LetHk(R2) denote the vector space of all homogeneous harmonic polynomial-
germs from (R2,0) to (R,0) of degree k. It is known that Hk(R2) is spanned
by fk and gk. In particular, dimRHk(R2) = 2.
Also, we recall the right equivalence for the singularities.
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We say that hj : (R
m,0) → (Rn,0)(j = 1, 2) are right equivalent (written
h1 ∼R h2) if there exists a diffeomorphism-germ ϕ : (Rm,0) → (Rm,0) such
that h1 ◦ ϕ = h2.
By the main Theorem of this paper(Theorem 1), we obtain following state-
ment:
Corollary 1. Let us k be a natural number more than or equal to 5, non-zero
homogeneous harmonic polynomial hk with degree k and the function-germ R
with order more than k with condition ∆2R = 0. Then, hk and hk+R are right
equivalent.
Note that if k ≤ 4, then any non-zero harmonic function hk with degree k
is k-determined i.e. for all R with order more than k, hk and hk + R are right
equivalent (see [4]).
2 Preparations
2.1 Preparations about singularities
We recall the basic definitions and a statement about singularities.
Let k and n be natural numbers in this subsection.
Let En be the set consisting of C∞ map-germs from (Rn,0) to R and mn ⊂
En denote the ideal consisting of C∞ map-germs from (Rn,0) to (R, 0).
Let h1, h2 ∈ mn. We call h1 and h2 are k-jet equivalent(written h1 ∼jk h2)
if h1 − h2 ∈ mk+1n .
Let h ∈ mn. Then, Jh denotes the Jacobian ideal of h i.e. Jh = 〈 ∂h∂xj |1 ≤
j ≤ n〉En .
We say that a function-germ h : (Rk,0)→ (R, 0) is k-determined if for any
R ∈ mk+12 , h and h+R are right equivalent.
We recall k-determinancy.
Proposition 1 (see [3]). Let h ∈ mn. Suppose for a natural number k, mkn ⊂
mnJh +m
k+1
n holds.
Then h is k-determined.
2.2 Preparations about (poly) harmonic functions
First, we will give basic definitions or statements about harmonic functions.
Let k be a natural number and set r2 := x2 + y2.
We will prove some properties about fk and gk.
Proposition 2. For all natural number k, we have
fk+1 = xfk − ygk, gk+1 = xgk + yfk.
Proof. Let z = x + iy. By taking real part or imaginary part of zk+1 = z · zk,
we have the Proposition 2.
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Proposition 3. Let s and k be two non-zero integers such that s ≤ k. Then
fsr
2(k−s) = fkfk−s + gkgk−s,
gsr
2(k−s) = gkfk−s + fkgk−s.
Proof. Let z = x + iy. By taking real part or imaginary part of r2(k−s)zs =
zkz¯k−s, we have the Proposition.
Definition 1. Let s be a natural number. Let Ω ⊂ Rn be a open set and
u : Ω→ R be a C2 function.
Then, we say that u is a harmonic function of order s if u satisfies the
following equation:
∆su = 0.
Following Propositiongives the expansion of harmonic functions of order s.
For the proof, see [1].
Proposition 4 (Almansi Expansion). Let us Ω ⊂ Rn be a star domain and
u : Ω→ R be a harmonic function of order s.
Then, there exists s polyharmonic functions h0, h1, . . . , hs−1 on Ω such that
u =
s−1∑
j=0
r2shj .
Let Pk be the set of all homogeneous polynomials(not necessarily harmonic
polynomials) of degree k of two variables.
Proposition 5. See [2]. Let k be a natural number more than or equal to 2.
Then
Pk = Hk(R2)⊕ r2Pk−2.
We consider polyharmonic polynomials of order s.
Let us analyze PsHk(R2) = {p1fk + p2gk; p1, p2 ∈ Ps}.
Definition 2. Let k and s be two natural numbers such that k ≥ 2s. Then,
we define ∆sk : Pk → Pk−2s as
∆sk = ∆∆ · · ·∆︸ ︷︷ ︸
s
.
Proposition 6. Let k and s be two natural numbers such that k ≥ 2s. Then
Ker∆sk ⊃ Ps−1Hk−s+1(R2).
Proof. We will prove Proposition 6 by induction on s.
If s = 1, this Proposition is clearly.
Assume that this Proposition is correct for s = 1, 2, . . . , s0. We want to
prove that
Ker∆s0+1k ⊃ Ps0Hk−s0 (R2)
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i.e.
xs0−jyjfk−s0 , x
s0−jyjgk−s0 ∈ Ker∆s0+1k (∀j ∈ {0, 1, 2, . . . , s0})
⇔ ∆(xs0−jyjfk−s0),∆(xs0−jyjgk−s0) ∈ Ker∆s0k−2 ⊃ Ps0−1Hk−s0−1(R2)(∀j ∈ {0, 1, 2, . . . , s0}).
By direct computing, we have
∆(xs0−jyjfk−s0) = 2(k − s0)(s0 − j)xs0−j−1yjgk−s0−1 − 2j(k − s0)xs0−jyj−1fk−s0−1
+ 2(s0 − j)(s0 − j − 1)xs0−j−2yjfk−s0 + j(j − 1)xs0−jyj−2fk−s0 .
Furthermore
xs0−j−2yjfk−s0 = x
s0−j−2yj(xfk−s0−1 − ygk−s0−1)
= xs0−j−1yjfk−s0−1 − xs0−j−2yj+1gk−s0−1 ∈ Ps0−1Hk−s0−1(R2).
Similarly,
xs0−jyj−2fk−s0 ∈ Ps0−1Hk−s0−1(R2).
Thus,
∆(xs0−jyjfk−s0 ) ∈ Ps0−1Hk−s0−1(R2).
Similarly, we obtain
∆(xs0−jyjgk−s0) ∈ Ps0−1Hk−s0−1(R2).
Proposition 7. Let k be a natural number and s be a integer more than or
equal to 0. Then
PsHk(R2) =
{
Ker∆s+1s+k (s < k − 1)
Ps+k (s ≥ k − 1)
.
Proof. First, we will prove the case of s < k − 1. By Proposition 4 and Propo-
sition 6, we obtain that
PsHk(R2) ⊂ Ker∆s+1s+k =
s⊕
j=0
r2jHs+k−2j(R2).
We want to prove that PsHk(R2) ⊃ Ker∆s+1s+k =
⊕s
j=0 r
2jHs+k−2j(R2).
For all j ∈ {0, 1, 2, . . . , s}, we have PjHs+k−j(R2) ⊂ PsHk(R2). Also, by
Proposition 3,
r2jfs+k−2j = fjfs+k−j + gjgs+k−j ,
r2jgs+k−2j = −gjfs+k−j + fjgs+k−j .
Thus, r2jHs+k−2j(R2) ⊂ PjHs+k−j(R2) ⊂ PsHk(R2).
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Next, we will prove the case of s = k−1. By the first statement of Proposition
7,
Pk−1Hk(R2) ⊃ Pk−2Hk+1(R2)
= Ker∆k−12k−1
= H2k−1(R2)⊕ r2H2k−3(R2)⊕ · · · ⊕ r2(k−2)H3(R2).
Also, by Proposition 5, we have
P2k−1 = H2k−1(R2)⊕ r2H2k−3(R2)⊕ · · · ⊕ r2(k−2)H3(R2)⊕ r2(k−1)H1(R2).
Furthermore, by Proposition 3, we have
xr2(k−1) = fk−1fk + gk−1gk,
yr2(k−1) = −gk−1fk + fk−1gk.
We will prove in the case of s > k − 1.
If s− k + 1 is even,
PsHk(R2) ⊃ Ps− s−k+1
2
Hk+ s−k+1
2
= P s+k−1
2
H s+k+1
2
= Ps+k.
If s− k + 1 is odd,
PsHk(R2) ⊃ Ps− s−k
2
Hk+ s−k
2
(R2)
= P s+k
2
H s+k
2
.
Let l = s+k2 . We want to prove that PlHl = P2l. However, we have
PlHl(R2) ⊃ Pl−1Hl+1(R2)
= Ker∆l2l
= H2l(R2)⊕ r2H2l−2(R2)⊕ · · · ⊕ r2(l−1)H2(R2)
and r2l = flfl + glgl ∈ PlHl.
To conclude the section on harmonic functions, we classify all non-zero har-
monic functions:
Proposition 8. Let h be a non-zero harmonic function of order k. Then, h is
right equivalent to fk.
Proof. Since h is a harmonic function, there exists a complex valued function
u : (C, 0)→ (C, 0) such that
Reu = h.
Since order of u is equal to k, there exists a complex valued function u˜ : (C, 0)→
C such that u = zku˜ and u˜(0) 6= 0.
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We define a local diffeomorphism ϕ : (R2,0) ∼ (C, 0)→ (C, 0) ∼ (R2,0) as
ϕ(z) = z k
√
u˜(z).
Furthermore, we define u0 : (R
2,0) ∼ (C, 0)→ (C, 0) ∼ (R2,0) as
u0(z) = z
k.
Then, we obtain
u0 ◦ ϕ = u.
Thus, by taking real part of above equation, we obtain
fk ◦ ϕ = h.
3 Main Results And Proofs
Theorem 1. Let k be a natural number more than or equal to 5 and let hk be
a non-zero homogeneous harmonic polynomial with degree k. Furthermore, for
all s ∈ {1, 2, . . . , k − 4}, we take ρk+s ∈ Ker∆σsk+s where σs is defined by
σs =
{
s+ 1 (s < k−32 )
s+ 2 (s ≥ k−32 )
.
Then, for all ρk+s ∈ Ker∆σsk+s and R2k−3 ∈ m2k−32 , we have hk and hk +∑k−4
s=1 ρk+s +R2k−3 are right equivalent.
For proving Theorem 1, we prepare some Lemmas.
Lemma 1. Let k be a natural number. Furthermore, let hk be a non-zero
homogeneous harmonic polynomial with degree k and Rk+1 ∈ mk+12 . Then,
hk +Rk+1 is max(k, 2k − 4)-determined.
Proof. If k ≤ 4, we proved that hk is k-determined(see Proposition [4]). We
suppose that k ≥ 5.
We can take hk = fk without loss of generality (see 8).
So,
Jfk+Rk+1 = 〈kfk−1 +
∂Rk+1
∂x
,−kgk−1 + ∂Rk+1
∂y
〉E2 .
Furthermore, by Proposition 7, we have m2k−32 ⊂ m2Jfk+Rk+1 + m2k−22 . Thus,
by Proposition 7, we have fk +Rk+1 is (2k − 3)-determined.
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Let u, v be two elements in Pk−2. Furthermore, we define ϕ : (R
2,0) →
(R2,0) be a local diffeomorphism as
ϕ(x, y) = (x+ u, y + v).
Then, we have
(fk +Rk+1) ◦ ϕ ∼j2k−3 fk +Rk+1 + k(ufk−1 − vgk−1).
Also, {k(ufk−1) − vgk−1;u, v ∈ Pk−2} = Pk−2Hk−1(R2) = P2k−3. Thus, we
have the Proposition.
Following Lemma is used for s < k−32 .
Lemma 2. Let k be a natural number more than or equal to 5 and let hk be
a non-zero homogeneous harmonic polynomial with degree k.
Furthermore, for all s ∈ {1, 2, . . . , k − 4}, we take ρk+s ∈ Ker∆s+1k+s.
Then, hk and hk +
∑k−4
s=1 ρk+s are right equivalent.
Proof. We can take hk = fk without loss of generality (see Proposition 8).
Furthermore, by Proposition 7, for all s ∈ {1, 2, . . . , k−4}, ρk+s ∈ Ker∆s+1k+s =
PsHk(R2), there exists u, v ∈ m2 such that
∑k−4
s=1 ρk+s = ufk + vgk.
Then, we identify (R2,0) and (C, 0) and we define a local diffeomorphism
ϕ : (R2,0)→ (R2,0) as
ϕ(z) = z k
√
1 + u− iv.
Then, we have fk ◦ ϕ = fk + ufk + vgk.
Following Lemma is used for s ≥ k−32 .
Lemma 3. Let k be a natural number more than or equal to 5 and let hk be
a non-zero homogeneous harmonic polynomial with degree k.
For all s ∈ {1, 2, . . . , k − 4}, we take ρk+s ∈ Ker∆s+2k+2. Then, there exists
u, v ∈ Ps+1 such that when we define a local diffeomorphism ϕ : (R2,0) →
(R2,0) as ϕ(x, y) = (x+ u, y + v), then hk ◦ ϕ ∼jk+s hk + ρk+s.
Proof. We can take hk = fk without loss of generality (see Proposition8).
Then,
fk ◦ ϕ = Re(x+ iy + u+ iv)k
∼jk+s Re(x+ iy)k + kRe(x+ iy)k−1(u + iv)
= fk + k(ufk−1 − vgk−1).
Since Proposition 7, {k(ufk−1 − vgk−1);u, v ∈ Ps} = Ps+1Hk−1 = Ker∆s+2s+k.
Thus, we obtain the statement.
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Proof of Theorem 1. By Lemma 1, we can take R2k−3 = 0 without loss of gen-
erality.
By Lemma 3, for all natural number s ≥ k−32 , there exist us+1, vs+1 ∈
Ps+1 such that if we define a local diffeomorphism ϕs+1 : (R
2,0) → (R2,0) as
ϕs+1(x, y) = (x+ us+1, y+ vs+1), then hk ◦ϕs+1 ∼j2k−4 hk − ρk+s. Let s0 be a
minimum natural number such that s ≥ k−32 . Then, we have
(hk +
k−4∑
s=1
ρk+s) ◦ ϕs0+1 ◦ ϕs0+2 ◦ · · · ◦ ϕk−3 ∼j2k−4 hk +
s0−1∑
s=1
ρk+s.
Finally, by Lemma 2, hk +
∑s0−1
s=1 ρk+s and hk are right equivalent.
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